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Single transistor primitive for timing and power modelling of CMOS
gates
A. CHATZIGEORGIOU*{ and S. NIKOLAIDIS{
An accurate and e cient method for modelling CMOS gates by a single equivalent
transistor is introduced in this paper. The output waveform of a CMOS inverter is
obtained by solving the circuit di erential equation considering only the
conducting transistor of the inverter. The e ect of the short-circuiting transistor
is incorporated as a di erentiation of the width of the conducting transistor. The
proposed model is the simplest primitive that can be used in order to obtain the
propagation delay and short-circuit power dissipation of CMOS gates.
Consequently, it can o er signi® cant speed improvement to existing dynamic
timing and power simulators while maintaining a su cient level of accuracy.

1.

Introduction

The demand for short development times of digital integrated circuits imposes
the use of fast and accurate veri® cation tools. It has been extensively pointed out
that, with shrinking device dimensions and increasing number of transistors on
integrated circuits in the submicron era, the di culty in performing e cient simulation of these circuits is increasing. In contrast to numerical approaches such as
SPICE, for calculating propagation delay and power dissipation, analytical methods
can o er a signi® cant speed improvement, on the assumption that accurate models
which can describe the behaviour of transistor structures exist.
The simplest representation of static logic gates that has been presented in the
literature is the equivalent inverter of a gate (Nabavi-Lishi and Rumin 1994, Kong et
al. 1997, Chatzigeorgiou and Nikolaidis 1998, Chatzigeorgiou et al. 1999). If the
width of the transistors in the equivalent inverter and other key points
(Chatzigeorgiou et al. 1999) are calculated properly, the performance of complex
gates can be estimated with very good accuracy by transient analysis of the
equivalent inverter, thus enabling the timing and power analysis of digital integrated
circuits at a lower level of complexity. In this way macromodels or accurate
analytical techniques have to be developed only for the corresponding inverters
(Kong and Overhauser 1995, Bisdounis et al. 1998, Hirata et al. 1998, Turgis and
Auvergne 1998). However, the analysis at the inverter level remains complicated,
mainly because of the presence of the short-circuit current and the nature of the
di erential equation that governs its operation, resulting in a relatively large runtime
penalty (Kong and Overhauser 1995).
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In this work the previous approach is extended in order to obtain a single
transistor which models accurately the behaviour of an inverter. The output waveform is determined by solving the di erential equation that describes the operation
of the circuit considering only the conducting transistor. The question is how to
incorporate in the analysis the e ect of the short-circuit current. This current reduces
the `e ective’ charging/discharging output current, thus increasing the propagation
delay as it slows down the output evolution. The e ect of the short-circuit current
can be considered from a di erent point of view as a di erentiation (reduction) of the
actual driving transistor width in order to charge or discharge the output load at a
slower pace. The accurate calculation of the driving transistor width according to the
region of operation of the short-circuiting device will be presented in the rest of the
paper.
The use of a much simpler primitive for modelling CMOS gates reduces the
computational complexity in two ways. First, the form of the di erential equation
becomes simpler and so, consequently, does the solution. Moreover, the di erential
equation of an inverter cannot be solved for some regionsÐ being a Ricatti-like
equation (Jeppson 1994)Ð thus imposing the use of many series approximations
which increase the execution time and reduce the accuracy.
The rest of the paper is organized as follows. In } 2 the transistor width of the
single transistor primitive is calculated, and in } 3 the output waveform expressions
are derived. The short-circuit energy dissipated when the output of an inverter
changes state is estimated in } 4 and in } 5 results of the proposed model are given.
Finally, conclusions are drawn in } 6.

2.

Single transistor width evaluation

Let us consider the inverter in ® gure 1(a) to which a rising input ramp with
transition time ½ is applied, and a single transistor driving the same load (® gure
1(b)) whose width is to be calculated so that its output response matches that of the
inverter when the same input is applied. The gate-to-drain coupling capacitance CM
is also shown in ® gure 1. For the equivalent transistor the coupling capacitance
should take into account the gate-to-drain capacitances of both transistors. The

(a)
Figure 1.

(b)

(a) CMOS inverter and (b) single transistor primitive.
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analysis focuses on the estimation of the width of the equivalent nMOS transistor for
a rising input ramp. For the case of a falling input ramp the width of the equivalent
pMOS is estimated in a symmetrical way.
The alpha power law model (Sakurai and Newton 1990), which takes into
account the carrier velocity saturation e ect of short-channel devices, will be used
for the transistor currents since it combines accuracy and simplicity and is appropriate for modelling submicron devices (the equations correspond to the nMOS
transistor):
8
9
0
V GS µ V TN : cutoff region
>
>
<
=
ID ˆ k l …V GS ¡ V TN†¬=2 V DS
…1†
V DS < V D-SAT : linear region
>
>
:
;
a
k s …V GS ¡ V TN†
V DS ¶ V D-SAT : saturation region
where V D-SAT is the drain saturation voltage (Sakurai and Newton 1990), k l , k s are
the transconductanc e parameters which depend on the width-to-length ratio of a
transistor, ¬ is the carrier velocity saturation index and V TN is the threshold voltage.
The di erential equations that govern the behaviour of the two circuits are
dV out
dt
dV out
¡ CL
dt

in ¡ ip ˆ iCM ¡ CL
in0 ˆ iCM

…inverter†

…2†

…equivalent transistor†

…3†

where

…dVdt

iCM ˆ CM

in

¡

dV out
dt

†

is the current through the coupling capacitance between input and output.
Since the output response is the same for both circuits, it is
in0 ˆ in ¡ ip

…4†

Initially, the pMOS transistor operates in the linear region (since its V DS is small)
and the nMOS transistor, after it starts conducting, operates in saturation (since its
V DS is large). Thus, equation (4) can be written as
Psn

W
Wx
W
…V in ¡ V TN†an ˆ Psn n …V in ¡ V TN†an ¡ Plp p …V DD ¡ V in ¡ jV TPj†ap =2
L
L
L
£ …V DD ¡ V out †

…5†

from which the required width of the single equivalent transistor W x can be found as
a function of time t and V out .
It has been observed that the time point at which the short-circuiting pMOS
transistor of the inverter enters saturation, tsp (® gure 2), is related to the time
point when it ceases to conduct …tp ˆ ‰ …V DD ¡ jV TPj†=V DD Š½ † by the equation
tsp ˆ htp (Bisdounis et al. 1996). The empirical coe cient h depends on the quantity
Gnp ˆ ‰…IDOn ¡ 0:2IDOp †½ Š=…V DD CL †, which is a measure of the transconductanc e of
the conducting path and determines how fast the output discharges. Gnp depends on
the drivability of the nMOS and pMOS devices (taking into account the fact that the
short-circuit current is much smaller than the driving current). IDOn=p is the transistor
drain current when V GS ˆ V DS ˆ V DD . Gnp also takes into account the input waveform slope, the output load and the value of the supply voltage. In table 1 the values
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2.0

Reg. 1

Reg. 2

Reg. 3

Reg. 4

Reg. 5

Reg. 6

In

Current (mA)

1.5

1.0

0.5

Ip

tn

0.0

tp

0.0

Figure 2.

Gnp
h

0.4

tsp

ts
Time (ns)

0.8

T

1.2

nMOS and pMOS currents of the inverter during output transition.

0.2± 2.5
0.65
Table 1.

2.5± 10
0.6

> 10
0.55

Estimation of empirical parameter h.

of h depending on Gnp are given for a 0.5 mm Hewlett Packard (HP) technology. This
approximation has been tested on several inverter con® gurations and is also validated by the overall results.
Since tsp is known, the output voltage value at this time point can be calculated
because at this point the values of the short-circuit currents in the linear region and
in saturation become equal. It is
k lp …V DD ¡ V in‰ tsp Š ¡ jV TPj†ap …V DD ¡ V out † ˆ k sp …V DD ¡ V in‰ tsp Š ¡ jV TPj†ap
=2

…6†

from which the output voltage at tsp is obtained.
Since the nMOS transistor is still in saturation when the pMOS transistor exits
the linear region (Bisdounis et al. 1998) the required value of W x up to time point tsp
can be found by substituting into equation (5) the value of V out at tsp . This value of
W x will be referred to as W 1 .
The next region for which the width of the single equivalent transistor should be
calculated is up to time point tp , since from tsp to tp the pMOS transistor operates in
saturation. Obviously, at time point tp the calculated value of W x would be equal to
the nMOS transistor width of the actual inverter, W n , since there is no short-circuit
current at this point. Hence, the value of W x in this region is selected as an average,
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W 2 ˆ …W 1 ‡ W n †=2. In the last region …t > tp †, W x…W 3 † is equal to W n as no shortcircuit current exists.
These three distinct W x values are used in order to solve the di erential equation
that describes the operation of the single equivalent transistor in ® gure 1(b). Since the
form of the di erential equation (3) is simpler than that of the initial inverter, the
solution and the resulting expressions for the output waveform are simpler and less
time consuming.

3.

Output waveform evaluation

Since the nMOS transistor can be either in saturation or in the linear region when
the input reaches its ® nal value, two major cases of input ramps will be considered
(Bisdounis et al. 1998) : for fast input ramps the nMOS device is still saturated
whereas for slow input ramps the nMOS device is in the linear region when the
input ramp reaches V DD . Taking into account that three di erent transistor widths
are being used, the bounds of the operating regions (® gure 2) depend on the input
transition time, the output load and the transistor widths. For the sake of simplicity
a common pattern is analysed where the input ramp is slow.
The di erential equation at the output of the single transistor primitive can be
solved as follows.
3.1. Region 1 …t < tn †

In this region the single equivalent transistor is cut o since the input has not
reached the nMOS transistor threshold voltage, V TN . However, due to the coupling
capacitance between input and output, CM , a small overshoot on the output voltage
appears. The di erential equation at the output node becomes

…dVdt

CM
which has the solution

in

¡

dV out
dt

V out‰ tŠ ˆ V DD ‡

† ˆ C dVdt

…7†

CM V DD
t
CL ‡ CM ½

…8†

L

out

The time point tn occurs when V in ˆ V TN and therefore is equal to
tn ˆ …V TN =V DD †½.
It should be mentioned that, according to the proposed method the e ect of the
pMOS current during the overshoot of the output voltage has not been taken into
account. In this region the pMOS current ¯ ows towards V DD , thus `removing’ charge
from the output load and helping the output to discharge (Bisdounis et al. 1998).
However, the minimum pMOS value during the overshoot (ipmin in ® gure 3) is
extremely small and, if we consider its e ect negligible, does not have any impact
on the overall accuracy of the method.
3.2. Region 2 …tn < t < tsp †

The transistor operates in saturation and the equivalent transistor width according to the previous analysis is equal to W 1 . The input ramp is in transition.
Di erential equation (3) becomes
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Psn

an

W 1 V DD
t ¡ V TN
L
½

† ˆ C …V ½

…

which has the solution

DD

M

V out‰ tŠ ˆ k 1 t ¡ k 2 W 1

¡

dV out
dt

V DD
t ¡ V TN
½

† ¡ C dVdt

out

L

an‡ 1

…9†
…10†

‡ C1

where
k1 ˆ

CM V DD
;
…CL ‡ CM†½

k2 ˆ

and C1 is the integration constant.

Psn ½
…CL ‡ CM†…1 ‡ ¬n†V DD L

3.3. Region 3 …tsp < t < ts†
The transistor operates in saturation up to time point ts when it enters the linear
region, and the transistor width is now equal to W 2 since the pMOS transistor has
entered saturation. The output waveform is given by
V out‰ tŠ ˆ k 1 t ¡ k 2 W 2

V DD
t ¡ V TN
½

an‡ 1

…11†

‡ C2

where C2 is the integration constant.
Time point ts can be found by equating the actual drain to source voltage of the
transistor to the drain saturation voltage (Sakurai and Newton 1990) :
V out‰ ts Š ˆ V D-SATN‰ ts Š ) k 1 t ¡ k 2 W 2

‡ C2 ˆ

Psn V DD
t ¡ V TN
P ln
½

V DD
t ¡ V TN
½
an =2

a n‡ 1

…12†

which can be solved analytically using ® rst order Taylor series approximation
around t ˆ ½ =2 for the terms which are powered to …an ‡ 1† and an =2.
3.4. Region 4 …ts < t < tp †
The transistor operates in the linear region and its width is equal to W 2 . Since the
input ramp is still in transition the di erential equation at the output node is
an
W 2 V DD
V DD dV out
dV out
t ¡ V TN
V out ˆ CM
¡
¡ CL
…13†
L
dt
dt
½
½
Neglecting the in¯ uence of the input ramp on the current through the input-to-output coupling capacitance (Bisdounis et al. 1998) the solution becomes
"
#
1‡ an =2
V DD
V out‰ tŠ ˆ C3 exp ¡k 3 W 2
t ¡ V TN
…14†
½

P ln

…

†

=2

…

…

where
k3 ˆ

2Pln ½

…CL ‡ CM†…2 ‡ an†L V DD

and C3 is the integration constant.

†

†
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3.5. Region 5 …tp < t < ½ †
The pMOS transistor is cut o and consequently the equivalent transistor width
is equal to W 3 ˆ W n . The solution is similar to that of the previous region
"
#
1‡ an =2
V DD
V out‰ tŠ ˆ C4 exp ¡k 3 W 3
t ¡ V TN
…15†
½

…

†

3.6. Region 6 …t > ½ †
The input has reached its ® nal value, the equivalent transistor is in the linear
region and the pMOS device is cut o . The di erential equation becomes
Pln

W3
dV
…V DD ¡ V TN†an =2 V out ˆ ¡…CL ‡ CM† out
L
dt

…16†

which has the solution
where

V out‰ tŠ ˆ C5 exp‰ ¡k 4 W 3 tŠ
k4 ˆ

Pln …V DD ¡ V TN†an
…CL ‡ CM†L

…17†

=2

and C5 is the integration constant.
According to this analysis, the output waveform of a CMOS inverter can be
obtained with very good accuracy. Results of the proposed method are given in } 5.

4.

Short-circuit power dissipation

During the output switching of a CMOS inverter and while both nMOS and
pMOS transistors are conducting, a path from V DD to ground exists and causes
short-circuit power dissipation. Since the output waveform has been obtained, the
form and the magnitude of the pMOS current can be estimated in order to calculate
the short-circuit energy which is dissipated when the output of an inverter switches
state.
However, the current that is causing the short-circuit power dissipation, isp , is not
the pMOS transistor current but the current that is ¯ owing from V DD towards the
source of the pMOS transistor (Nikolaidis and Chatzigeorgiou 1999) (® gure 1(a)). In
order to calculate this current, Kirchho ’s current law has to be applied at the source
node of the pMOS transistor, which gives
isp ˆ ip ¡ iCGSp

…18†

where iCGSp ˆ CGSp …dV in =dt† ˆ CGSp …V DD =½ † is the current through the gate-tosource coupling capacitance of the pMOS transistor. Since the gate-to-source
capacitance has two di erent values, CGS1 ˆ 12 Cox W L in the linear region and
CGS2 ˆ 23 Cox W L in saturation, where Cox is the gate capacitance per unit area
(Rabaey 1996), two values will be used for iCG Sp according to the time point tsp
(® gure 3).
The pMOS current can be approximated by a piece-wise linear function of time
(Hirata et al. 1998) as shown in ® gure 3. It presents initially an undershoot due to the
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Figure 3.

Representation of the pMOS transistor short-circuit current.

coupling capacitance between input and output which in turn causes an overshoot in
the output voltage, forcing the output node of the inverter to be at a higher potential
than V DD (Bisdounis et al. 1998, Hirata et al. 1998, Nikolaidis and Chatzigeorgiou
1999). During the overshoot, current is ¯ owing towards V DD , causing the undershoot of the pMOS current. The minimum pMOS current occurs close to t ˆ tn when
current starts ¯ owing through the nMOS transistor. The time point when the undershoot of the pMOS current or correspondingly the overshoot of the output voltage
ceases, tov , can be calculated analytically by setting V out ˆ V DD in region 2.
The pMOS current is considered to cease at time point tp whereas its maximum
value, ipmax , occurs when the pMOS transistor enters saturation at time point tsp
which is known and therefore ipmax ˆ k sp …V DD ¡ V in‰ tsp Š ¡ V TP†ap . Consequently,
the pMOS current can be expressed by the following equations
ip ˆ

ipmax
…t ¡ tov†
tsp ¡ tov

ip ˆ ipmax ¡

ipmax
…t ¡ tsp
tp ¡ tsp

tov < t < tsp
tsp < t < tp

…19†
…20†

Energy starts being dissipated at time tst when isp starts ¯ owing towards the
source of the pMOS transistor (Nikolaidis and Chatzigeorgiou 1999) so that a
current path between V DD and ground exists. Time tst can be calculated by setting
isp ˆ 0 in equation (18) and using the linear approximation for the pMOS current, as
shown in ® gure 3. Thus
tst ˆ tov ‡

tsp ¡ tov
¢ iCGS
1
ipmax

Energy dissipation ceases at time point te when is ˆ 0, after time tsp . te is again
calculated using the linear approximation for the pMOS current resulting in
te ˆ tp ¡

tp ¡ tsp
¢ iCG S
2
ipmax
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The short-circuit energy dissipated during output discharging is calculated as
… tsp
… te
d
ˆ V DD
Esc
isp dt ‡
isp dt

…

tst

†

tsp

1
ˆ V DD‰…tsp ¡ tst†…ipmax ¡ iCGS † ‡ …te ¡ tsp †…ipmax ¡ iCG S †Š
1
2
2

…21†

c
The short-circuit energy dissipated during output charging, ESC
, can be obtained
in a symmetrical way.
Consequently, the short-circuit energy dissipation during a complete transition at
c
the output node ‰ 0 ! 1 ! 0Š is Esc ˆ Esc
‡ Escd and the corresponding power can be
calculated simply by multiplying the calculated energy by the frequency of transitions at the output of the gate.

5.

Results

Results of the proposed method are given in ® gure 4 in which the output waveform of an inverter and that of its equivalent single transistor primitive are plotted
for a 0.5 mm (W n ˆ 4 mm, W p ˆ 6 mm, CL ˆ 100 fF) and a 0:35 mm (W n ˆ 2:8 mm,
W p ˆ 4:2 mm, CL ˆ 100 fF) HP technology for two di erent input transition times.
The accuracy of the proposed method in the evaluation of the output waveform is
obvious.
The propagation delay in CMOS gates is de® ned as the time from the half-V DD
point of the input to the half-V DD point of the output waveform (Hedenstierna and
Jeppson 1987). Propagation delays of a CMOS inverter (W n ˆ 4 mm, W p ˆ 6 mm,
L ˆ 0:5 mm) have been calculated according to the proposed method for several
input transition times and output loads and compared to simulated propagation
delays using SPICE as shown in table 2.
The short-circuit energy for a single output transition calculated, according to the
method of the previous section, lies very close to the energy measured from SPICE
6

4

0.5 um

0.35 um

Inverter

Inverter

Equiv. Trans.

Equiv. Trans.
3

Output Voltage

Output Voltage

4

2

0. 5ns

2

0.5ns

1ns

1ns

1

0

0
0. 00

0.40

0.80

1. 20

Time (ns)

1.60

2. 00

0.00

0.40

0.80

1. 20

Time (ns)

1.60

2.00

Figure 4. Output waveform of the CMOS inverter and the single equivalent transistor for
two submicron technologies. The input transition time to which each output corresponds is also shown.
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½
(ns)

CL
(fF)

Propagation delay,
SPICE (ns)

Propagation delay,
calculated (ns)

Error
(%)

0.5
0.5
1
1
2
2

50
100
50
100
100
200

0.076
0.129
0.061
0.138
0.113
0.263

0.070
0.137
0.066
0.135
0.101
0.289

7.89
6.20
8.20
2.17
10.62
9.89

Table 2.

Comparison between simulated and calculated propagation delays (0:5 mm).

simulations. In ® gure 5 a comparison of the calculated and simulated short-circuit
energy values during output discharging of a CMOS inverter with W n ˆ 4 mm,
W p ˆ 6 mm and a 0:5 mm HP technology is shown for several input transition
times and output loads. Using SPICE, the short-circuit power dissipation can be
obtained by integrating the current at the source terminal of the pMOS transistor or
by using a power meter (Kang 1986).
A tool that implements the proposed technique and another one that implements
the fully analytical method presented in Bisdounis et al. (1998) has been developed.
The execution time for the proposed method has been measured for several input
transition times and output loads. On average, a speedup of 70 times compared to
SPICE execution time has been found for a 0:5 mm technology, while an average
speedup of 300 times compared to HSPICE for a 0:35 mm technology has been
observed. Compared to the fully analytical method where both the pMOS and
nMOS currents are taken into account in the solution of the circuit di erential
equation, the proposed method was found to be about 8 times faster on average.
Consequently, the proposed technique can o er a signi® cant speed improvement
if it is incorporated into existing dynamic timing simulators. In order to model
CMOS circuits, methods have been developed (Kong et al. 1997, Chatzigeorgiou
et al. 1999) for collapsing a complex CMOS gate to an equivalent NAND/NOR gate
and then reducing such a gate to an equivalent inverter. This modelling process could
be further enhanced by employing the proposed method to map an inverter to a

2000
1800

SC Energy (FJ)

1600
1400
1200
Spice

1000

Calc

800
600
400
200
0
0.5ns-50fF

Figure 5.

0.5ns-100fF

1ns-50fF

1ns-100fF

2ns-100fF

2ns-200fF

Simulated and calculated short-circuit energy dissipation.
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Mapping process for modelling of CMOS gates.

single transistor primitive. Such a process is shown diagrammatically in ® gure 6 and
simpli® es signi® cantly the simulation of large circuits.
6.

Conclusion

A method for modelling a CMOS inverter by a single equivalent transistor has
been introduced in this paper. The width of the equivalent transistor is calculated
according to the actual operating conditions of the conducting and the short-circuiting transistor so that the output response to an input ramp matches that of the actual
inverter. In this way it is possible to perform the transient analysis of an inverter at a
lower level of complexity, thus o ering a signi® cant speedup. The results prove that,
according to the proposed method, the output waveform, the propagation delay and
the short-circuit power dissipation of an inverter can be calculated with very good
accuracy.
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